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min
x2Rn

f(x) xk+1 = xk � ⌘rf(xk)
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Ẋ(t) = �rf(X(t))
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Gradient Flow (simplest example)
• Unconstrained optimization problem 

• Gradient descent (GD) 

• Discretization of  
Gradient Flow (GF) [1] 

• Convergence rate for 
convex functions

xk+1 = xk � ⌘rf(xk)
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f(x)� f(x?)
Gradient Descent O(1/k)

Gradient Flow O(1/t)
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[1] Cauchy, Augustin (1847). Méthode générale pour la résolution des systèmes d'équations 
simultanées. Comptes Rendus Hebd. Séances Acad. Sci. 25:536–538.



Accelerated Gradient Flow
• Nesterov’s Accelerated Gradient Descent (AGD) [1] 

• Discretization of the Accelerated Gradient Flow (AGF) [2] 

• Convergence rate for convex functions (optimal rate)
f(x)� f(x?)

Accelerated Gradient Descent O(1/k2)
Accelerated Gradient Flow O(1/t2)
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xk+1 = x̂k � ⌘rf(x̂k)

x̂k+1 = xk+1 +
k

k+r (xk+1 � xk)
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Our Contributions
• Prior work 

– Smooth functions, unconstrained problems, gradient based 
– Many problems in machine learning are constrained and non-smooth, 

e.g. sparse regularization (L1 norm), nuclear norm minimization, etc. 

• Our work 
– Accelerated, proximal based, linearly constrained [1]; non-smooth [2] 

• Contributions 
– Differential equations/inclusions for variants of (accelerated) ADMM 
– Lyapunov stability 
– Convergence rates 
– New variants including relaxation + acceleration

[1] França, Robinson, Vidal, ICML 2018 
[2] França, Robinson, Vidal, arXiv: 1805.06579 2018

min
x,z

{�(x, z) ⌘ f(x) + g(z)} s.t. z = Ax



ADMM Flow

• Alternating Direction Method of Multipliers (ADMM) [1,2] 

• ADMM is popular in large scale applications of machine 
learning and statistics (easily distributed) [3]

[1] Gabay, Mercier, Comp. Math. App., 1976 
[2] Glowinsky, Marroco, 1975 
[3] Boyd, Parikh, Chu, Peleato, Eckestein, Found. Trends in Mach. Learning, 2011 
[4] França, Robinson, Vidal, ICML 2018

xk+1 = argminx f(x) + (⇢/2)kAx� zk + ukk2

zk+1 = argminz g(z) + (⇢/2)kAxk+1 � z + ukk2

uk+1 = uk +Axk+1 � zk+1
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Theorem [4] The continuous limit of ADMM is the ADMM Flow

(ATA)Ẋ(t) = �r�(X(t))
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min
x,z

f(x) + g(z)| {z }
�(x,z)

+h⇢u,Ax� zi+ ⇢
2kAx� zk2



Accelerated ADMM Flow
• Accelerated ADMM (A-ADMM) [1] 

• Generalizes previous results (linear constraint) [3,4] 
• For now we assume differentiability (will be relaxed later)

Theorem [2] The continuous limit of A-ADMM is the A-ADMM Flow

[1] Goldstein, O’Donoghue, Setzer, Baraniuk, SIAM Im. Sci., 2014 
[2] França, Robinson, Vidal, ICML 2018 
[3] Su, Boyd, Candes NIPS 2014, JMLR 2016 
[4] Wibisono, Wilson, Jordan PNAS 2016

r � 3
<latexit sha1_base64="Y4KrSgJFPonxbTcuoy8WnvVJ+Eg=">AAAB7nicdVBNSwMxEJ31s9avqkcvwSJ4KtlWu/YiBS8eK9gPaJeSTdM2NJtdkqxQlv4ILx4U8erv8ea/MdtWUNEHA4/3ZpiZF8SCa4Pxh7Oyura+sZnbym/v7O7tFw4OWzpKFGVNGolIdQKimeCSNQ03gnVixUgYCNYOJteZ375nSvNI3plpzPyQjCQfckqMldoK9UYMVfqFIi5hXKtVPYRLrue65YolF1UPex5yrZWhCEs0+oX33iCiScikoYJo3XVxbPyUKMOpYLN8L9EsJnRCRqxrqSQh0346P3eGTq0yQMNI2ZIGzdXvEykJtZ6Gge0MiRnr314m/uV1EzO89FMu48QwSReLholAJkLZ72jAFaNGTC0hVHF7K6Jjogg1NqG8DeHrU/Q/aZVLro3o9rxYv1rGkYNjOIEzcMGDOtxAA5pAYQIP8ATPTuw8Oi/O66J1xVnOHMEPOG+foCWPFw==</latexit><latexit sha1_base64="Y4KrSgJFPonxbTcuoy8WnvVJ+Eg=">AAAB7nicdVBNSwMxEJ31s9avqkcvwSJ4KtlWu/YiBS8eK9gPaJeSTdM2NJtdkqxQlv4ILx4U8erv8ea/MdtWUNEHA4/3ZpiZF8SCa4Pxh7Oyura+sZnbym/v7O7tFw4OWzpKFGVNGolIdQKimeCSNQ03gnVixUgYCNYOJteZ375nSvNI3plpzPyQjCQfckqMldoK9UYMVfqFIi5hXKtVPYRLrue65YolF1UPex5yrZWhCEs0+oX33iCiScikoYJo3XVxbPyUKMOpYLN8L9EsJnRCRqxrqSQh0346P3eGTq0yQMNI2ZIGzdXvEykJtZ6Gge0MiRnr314m/uV1EzO89FMu48QwSReLholAJkLZ72jAFaNGTC0hVHF7K6Jjogg1NqG8DeHrU/Q/aZVLro3o9rxYv1rGkYNjOIEzcMGDOtxAA5pAYQIP8ATPTuw8Oi/O66J1xVnOHMEPOG+foCWPFw==</latexit><latexit sha1_base64="Y4KrSgJFPonxbTcuoy8WnvVJ+Eg=">AAAB7nicdVBNSwMxEJ31s9avqkcvwSJ4KtlWu/YiBS8eK9gPaJeSTdM2NJtdkqxQlv4ILx4U8erv8ea/MdtWUNEHA4/3ZpiZF8SCa4Pxh7Oyura+sZnbym/v7O7tFw4OWzpKFGVNGolIdQKimeCSNQ03gnVixUgYCNYOJteZ375nSvNI3plpzPyQjCQfckqMldoK9UYMVfqFIi5hXKtVPYRLrue65YolF1UPex5yrZWhCEs0+oX33iCiScikoYJo3XVxbPyUKMOpYLN8L9EsJnRCRqxrqSQh0346P3eGTq0yQMNI2ZIGzdXvEykJtZ6Gge0MiRnr314m/uV1EzO89FMu48QwSReLholAJkLZ72jAFaNGTC0hVHF7K6Jjogg1NqG8DeHrU/Q/aZVLro3o9rxYv1rGkYNjOIEzcMGDOtxAA5pAYQIP8ATPTuw8Oi/O66J1xVnOHMEPOG+foCWPFw==</latexit><latexit sha1_base64="Y4KrSgJFPonxbTcuoy8WnvVJ+Eg=">AAAB7nicdVBNSwMxEJ31s9avqkcvwSJ4KtlWu/YiBS8eK9gPaJeSTdM2NJtdkqxQlv4ILx4U8erv8ea/MdtWUNEHA4/3ZpiZF8SCa4Pxh7Oyura+sZnbym/v7O7tFw4OWzpKFGVNGolIdQKimeCSNQ03gnVixUgYCNYOJteZ375nSvNI3plpzPyQjCQfckqMldoK9UYMVfqFIi5hXKtVPYRLrue65YolF1UPex5yrZWhCEs0+oX33iCiScikoYJo3XVxbPyUKMOpYLN8L9EsJnRCRqxrqSQh0346P3eGTq0yQMNI2ZIGzdXvEykJtZ6Gge0MiRnr314m/uV1EzO89FMu48QwSReLholAJkLZ72jAFaNGTC0hVHF7K6Jjogg1NqG8DeHrU/Q/aZVLro3o9rxYv1rGkYNjOIEzcMGDOtxAA5pAYQIP8ATPTuw8Oi/O66J1xVnOHMEPOG+foCWPFw==</latexit>

(ATA)
⇣
Ẍ(t) +

r

t
Ẋ(t)

⌘
= �r�(X(t))

<latexit sha1_base64="7nVkyXXlTThJLXroeiTSm+3Voag="></latexit><latexit sha1_base64="7nVkyXXlTThJLXroeiTSm+3Voag="></latexit><latexit sha1_base64="7nVkyXXlTThJLXroeiTSm+3Voag="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Dnt5HQRvfN15qXOhcfShf01JUdI="></latexit><latexit sha1_base64="Dnt5HQRvfN15qXOhcfShf01JUdI="></latexit><latexit sha1_base64="4mYPmvsbFG4EPGbY34sD+DpYq+0="></latexit><latexit sha1_base64="7nVkyXXlTThJLXroeiTSm+3Voag="></latexit><latexit sha1_base64="7nVkyXXlTThJLXroeiTSm+3Voag="></latexit><latexit sha1_base64="7nVkyXXlTThJLXroeiTSm+3Voag="></latexit><latexit sha1_base64="7nVkyXXlTThJLXroeiTSm+3Voag="></latexit><latexit sha1_base64="7nVkyXXlTThJLXroeiTSm+3Voag="></latexit><latexit sha1_base64="7nVkyXXlTThJLXroeiTSm+3Voag="></latexit>

xk+1 = argminx f(x) + (⇢/2)kAx� ẑk + ûkk2

zk+1 = argminz g(z) + (⇢/2)kAxk+1 � z + ûkk2

uk+1 = ûk +Axk+1 � zk+1

ûk+1 = uk+1 +
k

k+r (uk+1 � uk)

ẑk+1 = uk+1 +
k

k+r (uk+1 � uk)
<latexit sha1_base64="5rS24NOi8yAWFMZcghmuaUsevVU="></latexit><latexit sha1_base64="5rS24NOi8yAWFMZcghmuaUsevVU="></latexit><latexit sha1_base64="5rS24NOi8yAWFMZcghmuaUsevVU="></latexit><latexit sha1_base64="5rS24NOi8yAWFMZcghmuaUsevVU="></latexit>



Stability of ADMM Flow

X?
<latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit>

X0
<latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit><latexit sha1_base64="C680CMQVT00TVFgiCk987tXJJwU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPXQH7qBac+tuDrJKvILUoEBzUP3qD2OWRlwhk9SYnucm6GdUo2CSzyr91PCEsgkd8Z6likbc+Fl+6oycWWVIwljbUkhy9fdERiNjplFgOyOKY7PszcX/vF6K4bWfCZWkyBVbLApTSTAm87/JUGjOUE4toUwLeythY6opQ5tOxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQxG8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwDYKY17</latexit>

• Objective:  
– f, g: cont. diff. & convex 
– A: full column rank 

• Matches the known rate of ADMM [2] 
• Proof based on Lyapunov functions

O(1/k)
<latexit sha1_base64="m+24TDPgTd0iVsu+sZaXguSRVw8=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6qZOqHbuRght3VrAPaIeSSTNtbCYZkoxQSv/BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxBzpo3rfjgLi0vLK6uZtez6xubWdm5nt6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDC9Tv3lPlWZS3JpRTP0I9wULGcHGSo3rAjoeHnVzebfoupVK2YNuEXkIlU4sOSt7rudBZK0UeTBHrZt77/QkSSIqDOFY6zZyY+OPsTKMcDrJdhJNY0yGuE/blgocUe2Pp9dO4KFVejCUypYwcKp+nxjjSOtRFNjOCJuB/u2l4l9eOzHhuT9mIk4MFWS2KEw4NBKmr8MeU5QYPrIEE8XsrZAMsMLE2ICyNoSvT+H/pFEqIhvRzWm+ejGPIwP2wQEoAAQ8UAVXoAbqgIA78ACewLMjnUfnxXmdtS4485k98APO2yeCTI5r</latexit><latexit sha1_base64="m+24TDPgTd0iVsu+sZaXguSRVw8=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6qZOqHbuRght3VrAPaIeSSTNtbCYZkoxQSv/BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxBzpo3rfjgLi0vLK6uZtez6xubWdm5nt6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDC9Tv3lPlWZS3JpRTP0I9wULGcHGSo3rAjoeHnVzebfoupVK2YNuEXkIlU4sOSt7rudBZK0UeTBHrZt77/QkSSIqDOFY6zZyY+OPsTKMcDrJdhJNY0yGuE/blgocUe2Pp9dO4KFVejCUypYwcKp+nxjjSOtRFNjOCJuB/u2l4l9eOzHhuT9mIk4MFWS2KEw4NBKmr8MeU5QYPrIEE8XsrZAMsMLE2ICyNoSvT+H/pFEqIhvRzWm+ejGPIwP2wQEoAAQ8UAVXoAbqgIA78ACewLMjnUfnxXmdtS4485k98APO2yeCTI5r</latexit><latexit sha1_base64="m+24TDPgTd0iVsu+sZaXguSRVw8=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6qZOqHbuRght3VrAPaIeSSTNtbCYZkoxQSv/BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxBzpo3rfjgLi0vLK6uZtez6xubWdm5nt6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDC9Tv3lPlWZS3JpRTP0I9wULGcHGSo3rAjoeHnVzebfoupVK2YNuEXkIlU4sOSt7rudBZK0UeTBHrZt77/QkSSIqDOFY6zZyY+OPsTKMcDrJdhJNY0yGuE/blgocUe2Pp9dO4KFVejCUypYwcKp+nxjjSOtRFNjOCJuB/u2l4l9eOzHhuT9mIk4MFWS2KEw4NBKmr8MeU5QYPrIEE8XsrZAMsMLE2ICyNoSvT+H/pFEqIhvRzWm+ejGPIwP2wQEoAAQ8UAVXoAbqgIA78ACewLMjnUfnxXmdtS4485k98APO2yeCTI5r</latexit><latexit sha1_base64="m+24TDPgTd0iVsu+sZaXguSRVw8=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6qZOqHbuRght3VrAPaIeSSTNtbCYZkoxQSv/BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxBzpo3rfjgLi0vLK6uZtez6xubWdm5nt6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDC9Tv3lPlWZS3JpRTP0I9wULGcHGSo3rAjoeHnVzebfoupVK2YNuEXkIlU4sOSt7rudBZK0UeTBHrZt77/QkSSIqDOFY6zZyY+OPsTKMcDrJdhJNY0yGuE/blgocUe2Pp9dO4KFVejCUypYwcKp+nxjjSOtRFNjOCJuB/u2l4l9eOzHhuT9mIk4MFWS2KEw4NBKmr8MeU5QYPrIEE8XsrZAMsMLE2ICyNoSvT+H/pFEqIhvRzWm+ejGPIwP2wQEoAAQ8UAVXoAbqgIA78ACewLMjnUfnxXmdtS4485k98APO2yeCTI5r</latexit>

[1] França, Robinson, Vidal, ICML 2018 
[2] Eckstein, J. and Yao, W. Understanding the Convergence of the Alternating Direction Method of 
Multipliers: Theoretical and Computational Perspectives. 2015. 

• ADMM Flow
(ATA)Ẋ(t) = �r�(X(t))

<latexit sha1_base64="uVehxnWn/ehKVKhId07UUxVgWQE="></latexit><latexit sha1_base64="uVehxnWn/ehKVKhId07UUxVgWQE="></latexit><latexit sha1_base64="uVehxnWn/ehKVKhId07UUxVgWQE="></latexit><latexit sha1_base64="uVehxnWn/ehKVKhId07UUxVgWQE="></latexit>

�(X) = f(X) + g(AX)
<latexit sha1_base64="0o5ARU0y7ncirDyPbIg/7rUTmjc=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyxCi1AyVTt2oVTcuKxg24F2KJk004ZmHiQZodQu/BU3LhRx62+482/MtBVU9MDlHs65l9wcL+ZMKoQ+jLn5hcWl5cxKdnVtfWPT3NpuyCgRhNZJxCPheFhSzkJaV0xx6sSC4sDjtOkNLlO/eUuFZFF4o4YxdQPcC5nPCFZa6pi77Vqf5Z0CPIN+2g5hL3/hFDpmDhURqlTKNkRFy7as0pEmJ2Ub2Ta0tJUiB2aodcz3djciSUBDRTiWsmWhWLkjLBQjnI6z7UTSGJMB7tGWpiEOqHRHk/vH8EArXehHQleo4ET9vjHCgZTDwNOTAVZ9+dtLxb+8VqL8U3fEwjhRNCTTh/yEQxXBNAzYZYISxYeaYCKYvhWSPhaYKB1ZVofw9VP4P2mUipaO6Po4Vz2fxZEBe2Af5IEFbFAFV6AG6oCAO/AAnsCzcW88Gi/G63R0zpjt7IAfMN4+AZnGkz8=</latexit><latexit sha1_base64="0o5ARU0y7ncirDyPbIg/7rUTmjc=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyxCi1AyVTt2oVTcuKxg24F2KJk004ZmHiQZodQu/BU3LhRx62+482/MtBVU9MDlHs65l9wcL+ZMKoQ+jLn5hcWl5cxKdnVtfWPT3NpuyCgRhNZJxCPheFhSzkJaV0xx6sSC4sDjtOkNLlO/eUuFZFF4o4YxdQPcC5nPCFZa6pi77Vqf5Z0CPIN+2g5hL3/hFDpmDhURqlTKNkRFy7as0pEmJ2Ub2Ta0tJUiB2aodcz3djciSUBDRTiWsmWhWLkjLBQjnI6z7UTSGJMB7tGWpiEOqHRHk/vH8EArXehHQleo4ET9vjHCgZTDwNOTAVZ9+dtLxb+8VqL8U3fEwjhRNCTTh/yEQxXBNAzYZYISxYeaYCKYvhWSPhaYKB1ZVofw9VP4P2mUipaO6Po4Vz2fxZEBe2Af5IEFbFAFV6AG6oCAO/AAnsCzcW88Gi/G63R0zpjt7IAfMN4+AZnGkz8=</latexit><latexit sha1_base64="0o5ARU0y7ncirDyPbIg/7rUTmjc=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyxCi1AyVTt2oVTcuKxg24F2KJk004ZmHiQZodQu/BU3LhRx62+482/MtBVU9MDlHs65l9wcL+ZMKoQ+jLn5hcWl5cxKdnVtfWPT3NpuyCgRhNZJxCPheFhSzkJaV0xx6sSC4sDjtOkNLlO/eUuFZFF4o4YxdQPcC5nPCFZa6pi77Vqf5Z0CPIN+2g5hL3/hFDpmDhURqlTKNkRFy7as0pEmJ2Ub2Ta0tJUiB2aodcz3djciSUBDRTiWsmWhWLkjLBQjnI6z7UTSGJMB7tGWpiEOqHRHk/vH8EArXehHQleo4ET9vjHCgZTDwNOTAVZ9+dtLxb+8VqL8U3fEwjhRNCTTh/yEQxXBNAzYZYISxYeaYCKYvhWSPhaYKB1ZVofw9VP4P2mUipaO6Po4Vz2fxZEBe2Af5IEFbFAFV6AG6oCAO/AAnsCzcW88Gi/G63R0zpjt7IAfMN4+AZnGkz8=</latexit><latexit sha1_base64="0o5ARU0y7ncirDyPbIg/7rUTmjc=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyxCi1AyVTt2oVTcuKxg24F2KJk004ZmHiQZodQu/BU3LhRx62+482/MtBVU9MDlHs65l9wcL+ZMKoQ+jLn5hcWl5cxKdnVtfWPT3NpuyCgRhNZJxCPheFhSzkJaV0xx6sSC4sDjtOkNLlO/eUuFZFF4o4YxdQPcC5nPCFZa6pi77Vqf5Z0CPIN+2g5hL3/hFDpmDhURqlTKNkRFy7as0pEmJ2Ub2Ta0tJUiB2aodcz3djciSUBDRTiWsmWhWLkjLBQjnI6z7UTSGJMB7tGWpiEOqHRHk/vH8EArXehHQleo4ET9vjHCgZTDwNOTAVZ9+dtLxb+8VqL8U3fEwjhRNCTTh/yEQxXBNAzYZYISxYeaYCKYvhWSPhaYKB1ZVofw9VP4P2mUipaO6Po4Vz2fxZEBe2Af5IEFbFAFV6AG6oCAO/AAnsCzcW88Gi/G63R0zpjt7IAfMN4+AZnGkz8=</latexit>

Theorem [1]: Let        be a strict local 
minimizer and isolated critical point of  
   . Then,       is asymptotically stable.

X?
<latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit>

X?
<latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit><latexit sha1_base64="wOeGxB5xudv21UKRGSVNZPg6x2o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gjWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ35nSeujYjVA2YJ9yM6UiIUjKKVOt3HvkGqB9WaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6Cfk41Cib5tNJPDU8om9AR71mqaMSNn8/PnZIzqwxJGGtbCslc/T2R08iYLApsZ0RxbJa9mfif10sxvPZzoZIUuWKLRWEqCcZk9jsZCs0ZyswSyrSwtxI2ppoytAlVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGACz/AKb07ivDjvzseiteQUM8fwB87nD1IOj4g=</latexit>

�
<latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="F9lLky7z3FXW+y47ilII6Tk4vLg=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BdiiZNNMJTTJDcqdQhr6CGxeK+FTufBszbRfaeiDwcU5C7j1RJoVF3//2Kju7e/sH1cPaUf345LRxVu/aNDeMd1gqU9OPqOVSaN5BgZL3M8OpiiTvRdOHMu/NuLEi1c84z3io6ESLWDCKpTVsJ2LUaPotfymyDcEamrBWe9T4Go5TliuukUlq7SDwMwwLalAwyRe1YW55RtmUTvjAoaaK27BYzrogV84Zkzg17mgkS/f3i4Iqa+cqcjcVxcRuZqX5XzbIMb4LC6GzHLlmq4/iXBJMSbk4GQvDGcq5A8qMcLMSllBDGbp6aq6EYHPlbejetAK/FTz5UIULuIRrCOAW7uER2tABBgm8wBu8e8p79T5WdVW8dW/n8Efe5w/CHIzJ</latexit><latexit sha1_base64="F9lLky7z3FXW+y47ilII6Tk4vLg=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BdiiZNNMJTTJDcqdQhr6CGxeK+FTufBszbRfaeiDwcU5C7j1RJoVF3//2Kju7e/sH1cPaUf345LRxVu/aNDeMd1gqU9OPqOVSaN5BgZL3M8OpiiTvRdOHMu/NuLEi1c84z3io6ESLWDCKpTVsJ2LUaPotfymyDcEamrBWe9T4Go5TliuukUlq7SDwMwwLalAwyRe1YW55RtmUTvjAoaaK27BYzrogV84Zkzg17mgkS/f3i4Iqa+cqcjcVxcRuZqX5XzbIMb4LC6GzHLlmq4/iXBJMSbk4GQvDGcq5A8qMcLMSllBDGbp6aq6EYHPlbejetAK/FTz5UIULuIRrCOAW7uER2tABBgm8wBu8e8p79T5WdVW8dW/n8Efe5w/CHIzJ</latexit><latexit sha1_base64="kGVXu6J4tmDunZykqvZAFJLwxT8=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqex60ZMUvHisYD+gXUo2zXZDk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzwlRwYz3vG1U2Nre2d6q7tb39g8Oj+vFJ1ySZpqxDE5HofkgME1yxjuVWsH6qGZGhYL1welf4vSemDU/Uo52lLJBkonjEKbGFNGzHfFRveE1vAbxO/JI0oER7VP8ajhOaSaYsFcSYge+lNsiJtpwKNq8NM8NSQqdkwgaOKiKZCfLFrXN84ZQxjhLtSlm8UH9P5EQaM5Oh65TExmbVK8T/vEFmo5sg5yrNLFN0uSjKBLYJLh7HY64ZtWLmCKGau1sxjYkm1Lp4ai4Ef/XlddK9avpe03/wGq3bMo4qnME5XIIP19CCe2hDByjE8Ayv8IYkekHv6GPZWkHlzCn8Afr8AeBFjhc=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit><latexit sha1_base64="+i2WbofzTzO4DSTQ5a9WAEIAQy0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYGuhDWWz3TRL9yPsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8KOXMWN//9ipr6xubW9Xt2s7u3v5B/fCoa1SmCe0QxZXuRdhQziTtWGY57aWaYhFx+hhNbgv/8Ylqw5R8sNOUhgKPJYsZwbaQBu2EDesNv+nPgVZJUJIGlGgP61+DkSKZoNISjo3pB35qwxxrywins9ogMzTFZILHtO+oxIKaMJ/fOkNnThmhWGlX0qK5+nsix8KYqYhcp8A2McteIf7n9TMbX4c5k2lmqSSLRXHGkVWoeByNmKbE8qkjmGjmbkUkwRoT6+KpuRCC5ZdXSfeiGfjN4P6y0bop46jCCZzCOQRwBS24gzZ0gEACz/AKb57wXrx372PRWvHKmWP4A+/zB+GFjhs=</latexit>
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Stability of Accelerated ADMM Flow
• Objective function 

• Convergence rate currently unknown in 
discrete case, but thus suggests O(1/k2).

Theorem. Let        be a strict local minimizer and isolated 
critical point of     . Then,                                    is stable.
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• A-ADMM Flow
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Ẍ(t) +

r

t
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(X, Ẋ) = (X?, 0)
<latexit sha1_base64="XrjwNiFg93cFkP3jMVnj1YWty+Q=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCC6XMiKAbpeDGZQXbDrRjyaSZNjSTGZI7Qhnqxl9x40IRt/6FO//G9LHQ1gMXDufcm9x7gkRwDY7zbS0tr6yurec28ptb2zu79t5+Q8epoqxOYxErLyCaCS5ZHTgI5iWKkSgQrBkMrsd+84EpzWN5B8OE+RHpSR5ySsBIHfuw6JXb3Rgyb1S6LHr3bQ1ElbFT6tgFp+JMgBeJOyMFNEOtY3+Zd2gaMQlUEK1brpOAnxEFnAo2yrdTzRJCB6THWoZKEjHtZ5MLRvjEKF0cxsqUBDxRf09kJNJ6GAWmMyLQ1/PeWPzPa6UQXvgZl0kKTNLpR2EqMMR4HAfucsUoiKEhhCpudsW0TxShYELLmxDc+ZMXSeO04joV9/asUL2axZFDR+gYFZGLzlEV3aAaqiOKHtEzekVv1pP1Yr1bH9PWJWs2c4D+wPr8AeIVlTU=</latexit><latexit sha1_base64="XrjwNiFg93cFkP3jMVnj1YWty+Q=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCC6XMiKAbpeDGZQXbDrRjyaSZNjSTGZI7Qhnqxl9x40IRt/6FO//G9LHQ1gMXDufcm9x7gkRwDY7zbS0tr6yurec28ptb2zu79t5+Q8epoqxOYxErLyCaCS5ZHTgI5iWKkSgQrBkMrsd+84EpzWN5B8OE+RHpSR5ySsBIHfuw6JXb3Rgyb1S6LHr3bQ1ElbFT6tgFp+JMgBeJOyMFNEOtY3+Zd2gaMQlUEK1brpOAnxEFnAo2yrdTzRJCB6THWoZKEjHtZ5MLRvjEKF0cxsqUBDxRf09kJNJ6GAWmMyLQ1/PeWPzPa6UQXvgZl0kKTNLpR2EqMMR4HAfucsUoiKEhhCpudsW0TxShYELLmxDc+ZMXSeO04joV9/asUL2axZFDR+gYFZGLzlEV3aAaqiOKHtEzekVv1pP1Yr1bH9PWJWs2c4D+wPr8AeIVlTU=</latexit><latexit sha1_base64="XrjwNiFg93cFkP3jMVnj1YWty+Q=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCC6XMiKAbpeDGZQXbDrRjyaSZNjSTGZI7Qhnqxl9x40IRt/6FO//G9LHQ1gMXDufcm9x7gkRwDY7zbS0tr6yurec28ptb2zu79t5+Q8epoqxOYxErLyCaCS5ZHTgI5iWKkSgQrBkMrsd+84EpzWN5B8OE+RHpSR5ySsBIHfuw6JXb3Rgyb1S6LHr3bQ1ElbFT6tgFp+JMgBeJOyMFNEOtY3+Zd2gaMQlUEK1brpOAnxEFnAo2yrdTzRJCB6THWoZKEjHtZ5MLRvjEKF0cxsqUBDxRf09kJNJ6GAWmMyLQ1/PeWPzPa6UQXvgZl0kKTNLpR2EqMMR4HAfucsUoiKEhhCpudsW0TxShYELLmxDc+ZMXSeO04joV9/asUL2axZFDR+gYFZGLzlEV3aAaqiOKHtEzekVv1pP1Yr1bH9PWJWs2c4D+wPr8AeIVlTU=</latexit><latexit sha1_base64="XrjwNiFg93cFkP3jMVnj1YWty+Q=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCC6XMiKAbpeDGZQXbDrRjyaSZNjSTGZI7Qhnqxl9x40IRt/6FO//G9LHQ1gMXDufcm9x7gkRwDY7zbS0tr6yurec28ptb2zu79t5+Q8epoqxOYxErLyCaCS5ZHTgI5iWKkSgQrBkMrsd+84EpzWN5B8OE+RHpSR5ySsBIHfuw6JXb3Rgyb1S6LHr3bQ1ElbFT6tgFp+JMgBeJOyMFNEOtY3+Zd2gaMQlUEK1brpOAnxEFnAo2yrdTzRJCB6THWoZKEjHtZ5MLRvjEKF0cxsqUBDxRf09kJNJ6GAWmMyLQ1/PeWPzPa6UQXvgZl0kKTNLpR2EqMMR4HAfucsUoiKEhhCpudsW0TxShYELLmxDc+ZMXSeO04joV9/asUL2axZFDR+gYFZGLzlEV3aAaqiOKHtEzekVv1pP1Yr1bH9PWJWs2c4D+wPr8AeIVlTU=</latexit>

X 2 B(X?)
<latexit sha1_base64="XedNwd6VBiqSJccLVw0SjQF+2kE=">AAACA3icbVBNS8NAEN3Ur1q/qt70sliEeimJCHqSohePFWwbaGKZbDft0s0m7G6EEgpe/CtePCji1T/hzX/jpu1BWx8MPN6bYWZekHCmtG1/W4Wl5ZXVteJ6aWNza3unvLvXUnEqCW2SmMfSDUBRzgRtaqY5dRNJIQo4bQfD69xvP1CpWCzu9CihfgR9wUJGQBupWz5wsccE9iLQAwI8uxpX3XtPaZAn3XLFrtkT4EXizEgFzdDolr+8XkzSiApNOCjVcexE+xlIzQin45KXKpoAGUKfdgwVEFHlZ5MfxvjYKD0cxtKU0Hii/p7IIFJqFAWmM79VzXu5+J/XSXV44WdMJKmmgkwXhSnHOsZ5ILjHJCWajwwBIpm5FZMBSCDaxFYyITjzLy+S1mnNsWvO7VmlfjmLo4gO0RGqIgedozq6QQ3URAQ9omf0it6sJ+vFerc+pq0Fazazj/7A+vwB4ZWXAw==</latexit><latexit sha1_base64="XedNwd6VBiqSJccLVw0SjQF+2kE=">AAACA3icbVBNS8NAEN3Ur1q/qt70sliEeimJCHqSohePFWwbaGKZbDft0s0m7G6EEgpe/CtePCji1T/hzX/jpu1BWx8MPN6bYWZekHCmtG1/W4Wl5ZXVteJ6aWNza3unvLvXUnEqCW2SmMfSDUBRzgRtaqY5dRNJIQo4bQfD69xvP1CpWCzu9CihfgR9wUJGQBupWz5wsccE9iLQAwI8uxpX3XtPaZAn3XLFrtkT4EXizEgFzdDolr+8XkzSiApNOCjVcexE+xlIzQin45KXKpoAGUKfdgwVEFHlZ5MfxvjYKD0cxtKU0Hii/p7IIFJqFAWmM79VzXu5+J/XSXV44WdMJKmmgkwXhSnHOsZ5ILjHJCWajwwBIpm5FZMBSCDaxFYyITjzLy+S1mnNsWvO7VmlfjmLo4gO0RGqIgedozq6QQ3URAQ9omf0it6sJ+vFerc+pq0Fazazj/7A+vwB4ZWXAw==</latexit><latexit sha1_base64="XedNwd6VBiqSJccLVw0SjQF+2kE=">AAACA3icbVBNS8NAEN3Ur1q/qt70sliEeimJCHqSohePFWwbaGKZbDft0s0m7G6EEgpe/CtePCji1T/hzX/jpu1BWx8MPN6bYWZekHCmtG1/W4Wl5ZXVteJ6aWNza3unvLvXUnEqCW2SmMfSDUBRzgRtaqY5dRNJIQo4bQfD69xvP1CpWCzu9CihfgR9wUJGQBupWz5wsccE9iLQAwI8uxpX3XtPaZAn3XLFrtkT4EXizEgFzdDolr+8XkzSiApNOCjVcexE+xlIzQin45KXKpoAGUKfdgwVEFHlZ5MfxvjYKD0cxtKU0Hii/p7IIFJqFAWmM79VzXu5+J/XSXV44WdMJKmmgkwXhSnHOsZ5ILjHJCWajwwBIpm5FZMBSCDaxFYyITjzLy+S1mnNsWvO7VmlfjmLo4gO0RGqIgedozq6QQ3URAQ9omf0it6sJ+vFerc+pq0Fazazj/7A+vwB4ZWXAw==</latexit><latexit sha1_base64="XedNwd6VBiqSJccLVw0SjQF+2kE=">AAACA3icbVBNS8NAEN3Ur1q/qt70sliEeimJCHqSohePFWwbaGKZbDft0s0m7G6EEgpe/CtePCji1T/hzX/jpu1BWx8MPN6bYWZekHCmtG1/W4Wl5ZXVteJ6aWNza3unvLvXUnEqCW2SmMfSDUBRzgRtaqY5dRNJIQo4bQfD69xvP1CpWCzu9CihfgR9wUJGQBupWz5wsccE9iLQAwI8uxpX3XtPaZAn3XLFrtkT4EXizEgFzdDolr+8XkzSiApNOCjVcexE+xlIzQin45KXKpoAGUKfdgwVEFHlZ5MfxvjYKD0cxtKU0Hii/p7IIFJqFAWmM79VzXu5+J/XSXV44WdMJKmmgkwXhSnHOsZ5ILjHJCWajwwBIpm5FZMBSCDaxFYyITjzLy+S1mnNsWvO7VmlfjmLo4gO0RGqIgedozq6QQ3URAQ9omf0it6sJ+vFerc+pq0Fazazj/7A+vwB4ZWXAw==</latexit>

Then,                                   is asymptotically stable.
�(X)� �(X?) � �(kX �X?k)

<latexit sha1_base64="2u09yKfZguYUreAmJfd238a5XVg=">AAACHHicbZDNSgMxFIUz/tb6N+rSTbAI7cIyo4KupODGZQXbDjRjyaSZNjSTGZKMUKZ9EDe+ihsXirhxIfg2pu0stPVC4OOce7m5J0g4U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lYQ2SMxj6QVYUc4EbWimOfUSSXEUcNoKBtcTv/VApWKxuNPDhPoR7gkWMoK1kTr2Gar3WdmrwBM4o3ukNJYViHoUosQoaAQ94+YGRKNKxy45VWdacBHcHEogr3rH/kTdmKQRFZpwrFTbdRLtZ1hqRjgdF1GqaILJAPdo26DAEVV+Nj1uDI+N0oVhLM0TGk7V3xMZjpQaRoHpjLDuq3lvIv7ntVMdXvoZE0mqqSCzRWHKoY7hJCnYZZISzYcGMJHM/BWSPpaYaJNn0YTgzp+8CM3TqutU3dvzUu0qj6MADsERKAMXXIAauAF10AAEPIJn8ArerCfrxXq3PmatS1Y+cwD+lPX1A7qnnqk=</latexit><latexit sha1_base64="2u09yKfZguYUreAmJfd238a5XVg=">AAACHHicbZDNSgMxFIUz/tb6N+rSTbAI7cIyo4KupODGZQXbDjRjyaSZNjSTGZKMUKZ9EDe+ihsXirhxIfg2pu0stPVC4OOce7m5J0g4U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lYQ2SMxj6QVYUc4EbWimOfUSSXEUcNoKBtcTv/VApWKxuNPDhPoR7gkWMoK1kTr2Gar3WdmrwBM4o3ukNJYViHoUosQoaAQ94+YGRKNKxy45VWdacBHcHEogr3rH/kTdmKQRFZpwrFTbdRLtZ1hqRjgdF1GqaILJAPdo26DAEVV+Nj1uDI+N0oVhLM0TGk7V3xMZjpQaRoHpjLDuq3lvIv7ntVMdXvoZE0mqqSCzRWHKoY7hJCnYZZISzYcGMJHM/BWSPpaYaJNn0YTgzp+8CM3TqutU3dvzUu0qj6MADsERKAMXXIAauAF10AAEPIJn8ArerCfrxXq3PmatS1Y+cwD+lPX1A7qnnqk=</latexit><latexit sha1_base64="2u09yKfZguYUreAmJfd238a5XVg=">AAACHHicbZDNSgMxFIUz/tb6N+rSTbAI7cIyo4KupODGZQXbDjRjyaSZNjSTGZKMUKZ9EDe+ihsXirhxIfg2pu0stPVC4OOce7m5J0g4U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lYQ2SMxj6QVYUc4EbWimOfUSSXEUcNoKBtcTv/VApWKxuNPDhPoR7gkWMoK1kTr2Gar3WdmrwBM4o3ukNJYViHoUosQoaAQ94+YGRKNKxy45VWdacBHcHEogr3rH/kTdmKQRFZpwrFTbdRLtZ1hqRjgdF1GqaILJAPdo26DAEVV+Nj1uDI+N0oVhLM0TGk7V3xMZjpQaRoHpjLDuq3lvIv7ntVMdXvoZE0mqqSCzRWHKoY7hJCnYZZISzYcGMJHM/BWSPpaYaJNn0YTgzp+8CM3TqutU3dvzUu0qj6MADsERKAMXXIAauAF10AAEPIJn8ArerCfrxXq3PmatS1Y+cwD+lPX1A7qnnqk=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qb7y6y/n3Od9rQ++2M5gieZONuk=">AAACEXicbZC9TsMwFIVv+C2lQGBlsaiQ2oEqgQFGJBbGItE2UhMqx3Vaq44T2Q5SlfZBWHgVFgYQYmHjbXDbDNByJEufzrF1fU+Ycqa043xba+sbm1vbpZ3ybmVv/8A+rLRVkklCWyThifRCrChngrY005x6qaQ4DjnthKObWd55pFKxRNzrcUqDGA8EixjB2lg9+8JvDlnNq6MztKAHX2ks68gfUOSnxvEnyDNpESB/Uu/ZVafhzIVWwS2gCoWaPfvL7ycki6nQhGOluq6T6iDHUjPC6bTsZ4qmmIzwgHYNChxTFeTz5abo1Dh9FCXSHKHR3P39IsexUuM4NDdjrIdqOZuZ/2XdTEdXQc5EmmkqyGJQlHGkEzRrCvWZpETzsQFMJDN/RWSIJSba9Fk2JbjLK69C+7zhOg33zoESHMMJ1MCFS7iGW2hCCwg8wQu8wbv1bL1aH4u61qyityP4I+vzB+3jnSY=</latexit><latexit sha1_base64="qb7y6y/n3Od9rQ++2M5gieZONuk=">AAACEXicbZC9TsMwFIVv+C2lQGBlsaiQ2oEqgQFGJBbGItE2UhMqx3Vaq44T2Q5SlfZBWHgVFgYQYmHjbXDbDNByJEufzrF1fU+Ycqa043xba+sbm1vbpZ3ybmVv/8A+rLRVkklCWyThifRCrChngrY005x6qaQ4DjnthKObWd55pFKxRNzrcUqDGA8EixjB2lg9+8JvDlnNq6MztKAHX2ks68gfUOSnxvEnyDNpESB/Uu/ZVafhzIVWwS2gCoWaPfvL7ycki6nQhGOluq6T6iDHUjPC6bTsZ4qmmIzwgHYNChxTFeTz5abo1Dh9FCXSHKHR3P39IsexUuM4NDdjrIdqOZuZ/2XdTEdXQc5EmmkqyGJQlHGkEzRrCvWZpETzsQFMJDN/RWSIJSba9Fk2JbjLK69C+7zhOg33zoESHMMJ1MCFS7iGW2hCCwg8wQu8wbv1bL1aH4u61qyityP4I+vzB+3jnSY=</latexit><latexit sha1_base64="XhVnp2nmIjSegZP60yfKllwOk/c=">AAACHHicbZDNSgMxFIUz9a/Wv1GXboJFaBeWGV3oSgpuXFaw7UAzlkyaaUMzmSHJCGXaB3Hjq7hxoYgbF4JvY9rOQlsvBD7OuZebe4KEM6Ud59sqrKyurW8UN0tb2zu7e/b+QUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2MLye+u0HKhWLxZ0eJdSPcF+wkBGsjdS1z1FjwCpeFZ7COd0jpbGsQtSnECVGQWPoGTc3IBpXu3bZqTmzgsvg5lAGeTW69ifqxSSNqNCEY6U6rpNoP8NSM8LppIRSRRNMhrhPOwYFjqjys9lxE3hilB4MY2me0HCm/p7IcKTUKApMZ4T1QC16U/E/r5Pq8NLPmEhSTQWZLwpTDnUMp0nBHpOUaD4ygIlk5q+QDLDERJs8SyYEd/HkZWid1Vyn5t465fpVHkcRHIFjUAEuuAB1cAMaoAkIeATP4BW8WU/Wi/VufcxbC1Y+cwj+lPX1A7lnnqU=</latexit><latexit sha1_base64="2u09yKfZguYUreAmJfd238a5XVg=">AAACHHicbZDNSgMxFIUz/tb6N+rSTbAI7cIyo4KupODGZQXbDjRjyaSZNjSTGZKMUKZ9EDe+ihsXirhxIfg2pu0stPVC4OOce7m5J0g4U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lYQ2SMxj6QVYUc4EbWimOfUSSXEUcNoKBtcTv/VApWKxuNPDhPoR7gkWMoK1kTr2Gar3WdmrwBM4o3ukNJYViHoUosQoaAQ94+YGRKNKxy45VWdacBHcHEogr3rH/kTdmKQRFZpwrFTbdRLtZ1hqRjgdF1GqaILJAPdo26DAEVV+Nj1uDI+N0oVhLM0TGk7V3xMZjpQaRoHpjLDuq3lvIv7ntVMdXvoZE0mqqSCzRWHKoY7hJCnYZZISzYcGMJHM/BWSPpaYaJNn0YTgzp+8CM3TqutU3dvzUu0qj6MADsERKAMXXIAauAF10AAEPIJn8ArerCfrxXq3PmatS1Y+cwD+lPX1A7qnnqk=</latexit><latexit sha1_base64="2u09yKfZguYUreAmJfd238a5XVg=">AAACHHicbZDNSgMxFIUz/tb6N+rSTbAI7cIyo4KupODGZQXbDjRjyaSZNjSTGZKMUKZ9EDe+ihsXirhxIfg2pu0stPVC4OOce7m5J0g4U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lYQ2SMxj6QVYUc4EbWimOfUSSXEUcNoKBtcTv/VApWKxuNPDhPoR7gkWMoK1kTr2Gar3WdmrwBM4o3ukNJYViHoUosQoaAQ94+YGRKNKxy45VWdacBHcHEogr3rH/kTdmKQRFZpwrFTbdRLtZ1hqRjgdF1GqaILJAPdo26DAEVV+Nj1uDI+N0oVhLM0TGk7V3xMZjpQaRoHpjLDuq3lvIv7ntVMdXvoZE0mqqSCzRWHKoY7hJCnYZZISzYcGMJHM/BWSPpaYaJNn0YTgzp+8CM3TqutU3dvzUu0qj6MADsERKAMXXIAauAF10AAEPIJn8ArerCfrxXq3PmatS1Y+cwD+lPX1A7qnnqk=</latexit><latexit sha1_base64="2u09yKfZguYUreAmJfd238a5XVg=">AAACHHicbZDNSgMxFIUz/tb6N+rSTbAI7cIyo4KupODGZQXbDjRjyaSZNjSTGZKMUKZ9EDe+ihsXirhxIfg2pu0stPVC4OOce7m5J0g4U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lYQ2SMxj6QVYUc4EbWimOfUSSXEUcNoKBtcTv/VApWKxuNPDhPoR7gkWMoK1kTr2Gar3WdmrwBM4o3ukNJYViHoUosQoaAQ94+YGRKNKxy45VWdacBHcHEogr3rH/kTdmKQRFZpwrFTbdRLtZ1hqRjgdF1GqaILJAPdo26DAEVV+Nj1uDI+N0oVhLM0TGk7V3xMZjpQaRoHpjLDuq3lvIv7ntVMdXvoZE0mqqSCzRWHKoY7hJCnYZZISzYcGMJHM/BWSPpaYaJNn0YTgzp+8CM3TqutU3dvzUu0qj6MADsERKAMXXIAauAF10AAEPIJn8ArerCfrxXq3PmatS1Y+cwD+lPX1A7qnnqk=</latexit><latexit sha1_base64="2u09yKfZguYUreAmJfd238a5XVg=">AAACHHicbZDNSgMxFIUz/tb6N+rSTbAI7cIyo4KupODGZQXbDjRjyaSZNjSTGZKMUKZ9EDe+ihsXirhxIfg2pu0stPVC4OOce7m5J0g4U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lYQ2SMxj6QVYUc4EbWimOfUSSXEUcNoKBtcTv/VApWKxuNPDhPoR7gkWMoK1kTr2Gar3WdmrwBM4o3ukNJYViHoUosQoaAQ94+YGRKNKxy45VWdacBHcHEogr3rH/kTdmKQRFZpwrFTbdRLtZ1hqRjgdF1GqaILJAPdo26DAEVV+Nj1uDI+N0oVhLM0TGk7V3xMZjpQaRoHpjLDuq3lvIv7ntVMdXvoZE0mqqSCzRWHKoY7hJCnYZZISzYcGMJHM/BWSPpaYaJNn0YTgzp+8CM3TqutU3dvzUu0qj6MADsERKAMXXIAauAF10AAEPIJn8ArerCfrxXq3PmatS1Y+cwD+lPX1A7qnnqk=</latexit><latexit sha1_base64="2u09yKfZguYUreAmJfd238a5XVg=">AAACHHicbZDNSgMxFIUz/tb6N+rSTbAI7cIyo4KupODGZQXbDjRjyaSZNjSTGZKMUKZ9EDe+ihsXirhxIfg2pu0stPVC4OOce7m5J0g4U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lYQ2SMxj6QVYUc4EbWimOfUSSXEUcNoKBtcTv/VApWKxuNPDhPoR7gkWMoK1kTr2Gar3WdmrwBM4o3ukNJYViHoUosQoaAQ94+YGRKNKxy45VWdacBHcHEogr3rH/kTdmKQRFZpwrFTbdRLtZ1hqRjgdF1GqaILJAPdo26DAEVV+Nj1uDI+N0oVhLM0TGk7V3xMZjpQaRoHpjLDuq3lvIv7ntVMdXvoZE0mqqSCzRWHKoY7hJCnYZZISzYcGMJHM/BWSPpaYaJNn0YTgzp+8CM3TqutU3dvzUu0qj6MADsERKAMXXIAauAF10AAEPIJn8ArerCfrxXq3PmatS1Y+cwD+lPX1A7qnnqk=</latexit><latexit sha1_base64="2u09yKfZguYUreAmJfd238a5XVg=">AAACHHicbZDNSgMxFIUz/tb6N+rSTbAI7cIyo4KupODGZQXbDjRjyaSZNjSTGZKMUKZ9EDe+ihsXirhxIfg2pu0stPVC4OOce7m5J0g4U9pxvq2l5ZXVtfXCRnFza3tn197bb6o4lYQ2SMxj6QVYUc4EbWimOfUSSXEUcNoKBtcTv/VApWKxuNPDhPoR7gkWMoK1kTr2Gar3WdmrwBM4o3ukNJYViHoUosQoaAQ94+YGRKNKxy45VWdacBHcHEogr3rH/kTdmKQRFZpwrFTbdRLtZ1hqRjgdF1GqaILJAPdo26DAEVV+Nj1uDI+N0oVhLM0TGk7V3xMZjpQaRoHpjLDuq3lvIv7ntVMdXvoZE0mqqSCzRWHKoY7hJCnYZZISzYcGMJHM/BWSPpaYaJNn0YTgzp+8CM3TqutU3dvzUu0qj6MADsERKAMXXIAauAF10AAEPIJn8ArerCfrxXq3PmatS1Y+cwD+lPX1A7qnnqk=</latexit>
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Basic Proof Technique (Lyapunov functions)
• Stability follows from standard Lyapunov’s theorem 

• Convergence rates (“basic idea”) 

• Difficulty lies in constructing appropriate Lyapunov functions 
for each ODE, under convex, strongly convex, etc.
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=)

<latexit sha1_base64="MqsE7PNHwnyc413OayLegg2fZHs=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgKcwmmDUXDXjxGME8IFnC7GQ2GTL7cGZWCEt+wosHRbz6Hf6BN//G2URBRQsaiqpuuru8WHClMX63ckvLK6tr+fXCxubW9k5xd6+tokRS1qKRiGTXI4oJHrKW5lqwbiwZCTzBOt7kIvM7t0wqHoXXehozNyCjkPucEm2kbp8HZgtTg2IJlzGu12sOwmXbse1K1ZCTmoMdB9nGylA6f61WGwDQHBTf+sOIJgELNRVEqZ6NY+2mRGpOBZsV+oliMaETMmI9Q0MSMOWm83tn6MgoQ+RH0lSo0Vz9PpGSQKlp4JnOgOix+u1l4l9eL9H+qZvyME40C+likZ8IpCOUPY+GXDKqxdQQQiU3tyI6JpJQbSIqmBC+PkX/k3albJuIrnCpcQYL5OEADuEYbHCgAZfQhBZQEHAHD/Bo3Vj31pP1vGjNWZ8z+/AD1ssH7jKSBw==</latexit><latexit sha1_base64="UbUcDBwIDQmASgCh2aeSTqEeVpE=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4KpkWO3ajBTcuK9gHtEPJpJk2NMmMSUYoQ3/CjQtF3Pod/oE7/8ZMq6CiBy4czrmXe+8JYs60QejdyS0tr6yu5dcLG5tb2zvF3b22jhJFaItEPFLdAGvKmaQtwwyn3VhRLAJOO8HkIvM7t1RpFslrM42pL/BIspARbKzU7TNht1A9KJZQGaF6veZBVHY9161ULTmpecjzoGutDKXz1+oczUHxrT+MSCKoNIRjrXsuio2fYmUY4XRW6CeaxphM8Ij2LJVYUO2n83tn8MgqQxhGypY0cK5+n0ix0HoqAtspsBnr314m/uX1EhOe+imTcWKoJItFYcKhiWD2PBwyRYnhU0swUczeCskYK0yMjahgQ/j6FP5P2pWyayO6QqXGGVggDw7AITgGLvBAA1yCJmgBAji4Aw/g0blx7p0n53nRmnM+Z/bBDzgvH6kvkpM=</latexit><latexit sha1_base64="UbUcDBwIDQmASgCh2aeSTqEeVpE=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4KpkWO3ajBTcuK9gHtEPJpJk2NMmMSUYoQ3/CjQtF3Pod/oE7/8ZMq6CiBy4czrmXe+8JYs60QejdyS0tr6yu5dcLG5tb2zvF3b22jhJFaItEPFLdAGvKmaQtwwyn3VhRLAJOO8HkIvM7t1RpFslrM42pL/BIspARbKzU7TNht1A9KJZQGaF6veZBVHY9161ULTmpecjzoGutDKXz1+oczUHxrT+MSCKoNIRjrXsuio2fYmUY4XRW6CeaxphM8Ij2LJVYUO2n83tn8MgqQxhGypY0cK5+n0ix0HoqAtspsBnr314m/uX1EhOe+imTcWKoJItFYcKhiWD2PBwyRYnhU0swUczeCskYK0yMjahgQ/j6FP5P2pWyayO6QqXGGVggDw7AITgGLvBAA1yCJmgBAji4Aw/g0blx7p0n53nRmnM+Z/bBDzgvH6kvkpM=</latexit><latexit sha1_base64="au8jn8ANcq27VmvznJmrfM4CcjE=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU8lW7NqLFLx4rGA/oF1KNs22odnsmmSFUvonvHhQxKt/x5v/xmxbQUUfDDzem2FmXpAIrg3GH05uZXVtfSO/Wdja3tndK+4ftHScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjK8yv33PlOaxvDWThPkRGUoeckqMlTo9HtktTPeLJVzGuFaregiXXc91K2eWnFc97HnItVaGEizR6Bffe4OYphGThgqiddfFifGnRBlOBZsVeqlmCaFjMmRdSyWJmPan83tn6MQqAxTGypY0aK5+n5iSSOtJFNjOiJiR/u1l4l9eNzXhhT/lMkkNk3SxKEwFMjHKnkcDrhg1YmIJoYrbWxEdEUWosREVbAhfn6L/SatSdm1EN7hUv1zGkYcjOIZTcMGDOlxDA5pAQcADPMGzc+c8Oi/O66I15yxnDuEHnLdPsHaQXw==</latexit> Asymptotic Stability

Ė(X, Ẋ, t)  0
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E(X) > 0 and Ė  0
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E(X) > 0 and Ė < 0
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[1] França, Robinson, Vidal, ICML 2018 
[2] França, Robinson, Vidal, arXiv: 1805.06579 2018

E(X, Ẋ, t) = a(t) (�(X)� �(X?)) + · · ·|{z}
�0

� 0
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Generalization to Non-smooth Problems
• So far we assumed the objective is differentiable 

• This can be relaxed and we obtain differential inclusions 

• The previous Lyapunov analysis can be generalized to non-
smooth problems (directional derivatives, etc.). For instance, 

• Previous rates and stability remains the same

ADMM

A-ADMM

[1] Aubin, Cellina, Differential Inclusions (1984) 
[2] Clarke, Nonsmooth Analysis and Control Theory (2013)

(ATA)Ẋ(t) 2 �@�(X(t))
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<latexit sha1_base64="Q8VzbpImrTAAiACwRLlJTZMGqjM="></latexit><latexit sha1_base64="Q8VzbpImrTAAiACwRLlJTZMGqjM="></latexit><latexit sha1_base64="Q8VzbpImrTAAiACwRLlJTZMGqjM="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="aKyjsuZYBX6HfuTJ5u0y0Rs+Y4g="></latexit><latexit sha1_base64="dcUQGPWdpgBPiPA987gYZWXCmtg="></latexit><latexit sha1_base64="ftQyfdCCQjYxAHMqu1Kqc2vVsBE="></latexit><latexit sha1_base64="Q8VzbpImrTAAiACwRLlJTZMGqjM="></latexit><latexit sha1_base64="Q8VzbpImrTAAiACwRLlJTZMGqjM="></latexit><latexit sha1_base64="Q8VzbpImrTAAiACwRLlJTZMGqjM="></latexit><latexit sha1_base64="Q8VzbpImrTAAiACwRLlJTZMGqjM="></latexit><latexit sha1_base64="Q8VzbpImrTAAiACwRLlJTZMGqjM="></latexit><latexit sha1_base64="Q8VzbpImrTAAiACwRLlJTZMGqjM="></latexit>

d
dt (� �X)(t) = hg, Ẋ(t)i 8g 2 @�(X(t)) (a.e)
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New Variants of Accelerated ADMM
• We introduce relaxation and two types of acceleration

�k+1 =

(
k/(k + r) Nesterov

1� r/
p
⇢ Heavy Ball
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r � 3
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• Relaxation parameter 
• Non relaxed version recovered with 
• Non accelerated (but relaxed) ADMM: �k+1 = 0
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We thus propose relaxed accelerated ADMM (R-A-ADMM)  
and relaxed Heavy Ball ADMM (R-HB-ADMM)

[1] França, Robinson, Vidal, arXiv: 1805.06579 2018

xk+1 = argminx f(x) + (⇢/2)kAx� ẑk + ûkk2

zk+1 = argminz g(z) + (⇢/2)k↵Axk+1 + (1� ↵)ẑk � z + ûkk2

uk+1 = ûk + ↵Axk+1 + (1� ↵)ẑk � zk+1

ûk+1 = uk+1 + �k+1(uk+1 � uk)

ẑk+1 = uk+1 + �k+1(uk+1 � uk)
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Continuous Limit of Variants of ADMM

Theorem. In the continuous limit we obtain

R-A-ADMM

R-HB-ADMM

(2� ↵)(ATA)Ẋ(t) 2 �@�(X(t))

(2� ↵)(ATA)
⇣
Ẍ(t) +

r

t
Ẋ(t)

⌘
2 �@�(X(t))

(2� ↵)(ATA)
⇣
Ẍ(t) + rẊ(t)

⌘
2 �@�(X(t))
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R-ADMM

• Generalizes [1,2] for non smooth and linear constraints 
• The above are non smooth dynamical systems 
• When     is convex lower semicontinuous existence of 

solutions is guaranteed
�
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[1] França, Robinson, Vidal, arXiv: 1805.06579 2018 
[2] Su, Boyd, Candes, NIPS 2014, JMLR 2016 
[3] Wibisono, Wilson, Jordan, PNAS 2016



Non-smooth Lyapunov Analysis
• We obtain the following rates in the continuous case

• Most of these rates are unknown in the discrete case 
• Interesting tradeoff between Nesterov vs. Heavy Ball 

acceleration in convex vs. strongly convex settings
[1] França, Robinson, Vidal, arXiv: 1805.06579 2018
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From Dynamical Systems to Optimization

Optimization 
Problem

Iterate 
Updates

Continuous 
Dynamical 

System

Optimization 
Algorithm

Iterate 
Updates

Continuous Limit

Discretization

min
x2Rn

f(x)

[1] Cauchy, 1847 
[2] Su, Boyd, Candes, NIPS 2014, JMLR 2016 
[3] Wibisono, Wilson, Jordan, PNAS 2016 
[4] Attouch, Chbani, Peypouquet, Redont, Math. Prog. 2016

[5] Krichene, Bayen, Bartlett, NIPS 2015 
[6] Fazlyab, Ribeiro, Morari, Preciado, 2017 
[7] Fazlyab, et al. SIAM Opt 2018 
[8] Lessard, Recht, Packard, SIAM Opt 2016



Hamiltonian Systems
• Accelerated non-smooth systems can be represented by non-

smooth Hamiltonian systems [1,2,3] 

• We use a Conformal Hamiltonian formulation [4] 

• Phase space volumes dissipate exponentially (damping) 

• Previous differential inclusions are equivalent to

[1] Rockafellar, 1970 
[2] Clarke, 1976 
[3] Ioffe, 1997 
[4] McLachlan, Perlmutter, 2011

Nonlinear harmonic oscillator

M = ATA “mass matrix”

� = 1/(2� ↵) “coupling constant”
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⌘ =

(
r/t Nesterov (not conformal)

r Heavy Ball (conformal)
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H = 1
2 hP,M

�1
P i+ ��(X)
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Ẋ = rPH = M
�1

P

Ṗ 2 � @XH � ⌘P|{z}
dissipation

= ��@�(X)� ⌘P
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Symplectic Integration
• Symplectic integration are discretization techniques that 

preserve symplectic structure of Hamiltonian systems 

• Widely used in molecular dynamics simulations, statistical 
mechanics, Monte Carlo method, particle physics, etc. 

• We use Strang splitting (leapfrog, Stormer-Verlett) 

• This method has the same cost of (sub)gradient descent, one 
(sub)gradient per iteration

pk+1/2 2 pk � (h/2)�@�(xk)

xk+1 = xk + hM�1pk+1/2

pk+1 2 e��kpk+1/2 � (h/2)�@�(xk)
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Numerical Simulations
• Compare ADMM variants with  

dynamical simulations  

• Note the tradeoff: Nesterov vs. Heavy Ball (as predicted) 
• Note agreement between algorithms and dynamical systems

min
x

1
2x

TQx s.t. z = Ax
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Numerical Simulations
• Linear regression problem with elastic net regularization 
• Sparse logistic regression

min
x

1
2ky �Mxk2 + kxk1 + 1

2kxk
2
2
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log(1 + e�yiw
T xi) + kwk1
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Conclusions
• We considered known instances of (accelerated) ADMM, and 

proposed new variants of accelerated ADMM 

• Connections with non smooth dynamical systems 

• Generalize previous approaches (smooth, unconstrained, 
gradient based) 

• Analyzed stability 

• New rate-of-convergence results (continuous time) 

• Conformal Hamiltonian description 

• Numerical simulations of continuous dynamical systems in 
comparison to the algorithms (symplectic integration)
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