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Optimization and Dynamical Systems
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Gradient Flow (simplest example)

 Unconstrained optimization problem min f(x)
rcR™
+ Gradient descent (GD) Tri1 =X — NV (k)

* Discretization of

Gradient Flow (GF) [1] X(t) = -V f(X(1))
« Convergence rate for f(x) — f(z*)
convex functions Gradient Descent O(1/k)
Gradient Flow O(1/t)

[1] Cauchy, Augustin (1847). Méthode générale pour la résolution des systémes d'équations =X
simultanées. Comptes Rendus Hebd. Séances Acad. Sci. 25:536-538. %il}' JOHNS HOPKINS
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Accelerated Gradient Flow

* Nesterov's Accelerated Gradient Descent (AGD) [1]
Trht1 = Tk — NV f(Tk)

- k
Lh+1 = Lk+1 T L1y (ZUk+1 - CL’k)

» Discretization of the Accelerated Gradient Flow (AGF) [2]

X(t)+ 7X(t) = —VF(X(2)

« Convergence rate for convex functions (optimal rate)

flz) — flz¥)
Accelerated Gradient Descent O(1/k?)
Accelerated Gradient Flow O(1/t?)

[1] Nesterov. A Method of Solving a Convex Programming Problem with Convergence Rate O(1/k2). g
Soviet Mathematics Doklady, 27(2):372-376, 1983. JOHNS HOPKINS

MATHEMATICAL INSTITUTE
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Our Contributions

* Prior work
— Smooth functions, unconstrained problems, gradient based

— Many problems in machine learning are constrained and non-smooth,
e.g. sparse regularization (L1 norm), nuclear norm minimization, etc.

e Our work
— Accelerated, proximal based, linearly constrained [1]; non-smooth [2]
min{®(x, z) = f(x) + g(2)} s.t. z=Ax
T,z
e Contributions
— Differential equations/inclusions for variants of (accelerated) ADMM
— Lyapunov stability
— Convergence rates
— New variants including relaxation + acceleration

[1] Franga, Robinson, Vidal, ICML 2018 =X
[2] Franca, Robinson, Vidal, arXiv: 1805.06579 2018 @il}' JOHNS HOPKINS
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ADMM Flow

min (z) + g(z) +(pu, Az — z) + || Az — 2|
T2 N — e’
d(x,z)

 Alternating Direction Method of Multipliers (ADMM) [1,2]
tesr = argmin, f(z) + (p/2)[|Az — 2 + ug]|?
21 = argmin, g(z) + (p/2)|Azgrr — 2 + ug|
Upt1 = Uk + ATpy1 — 241

« ADMM is popular in large scale applications of machine
learning and statistics (easily distributed) [3]

Theorem [4] The continuous limit of ADMM is the ADMM Flow
(ATA) X (t) = V(X (1))

[1] Gabay, Mercier, Comp. Math. App., 1976 /=

[2] Glowinsky, Marroco, 1975 SR JOHNS HOPKINS
[3] Boyd, Parikh, Chu, Peleato, Eckestein, Found. Trends in Mach. Learning, 2011 MATHEMATICAL INSTITUTE
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Accelerated ADMM Flow

» Accelerated ADMM (A-ADMM) [1]
Tre1 = argmin, f(z) + (p/2)|| Az — 21 + U ||?
21 = argming g(2) + (p/2)[|[Azprr — 2 + |

U1 = Uk + ATp11 — Zk+1

~ k
Uk4+1 = Ug+1 + etr (uk—i—l — Uk)

2 k
21 = Ugt1 + o (Uk+1 — ug)

Theorem [2] The continuous limit of A-ADMM is the A-ADMM Flow

(ATA) (X (1) + X () = V(X (1))

« Generalizes previous results (linear constraint) [3,4]
* For now we assume differentiability (will be relaxed later)

[1] Goldstein, O'Donoghue, Setzer, Baraniuk, SIAM Im. Sci., 2014 N
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Stability of ADMM Flow

* Objective: ¢(X) = f(X) + g(AX) e ADMM Flow
— f, g: cont. diff. & convex (ATA)X(t) = V(X (1))
— A: full column rank

Theorem [1]: Let X * be a strict local
minimizer and isolated critical point of
®. Then, X ™ is asymptotically stable.

Theorem [1]: Let ® be convex. Then,

B(X (1)) - B(X*) <

- Matches the known rate of ADMM [2] O(1/k)
* Proof based on Lyapunov functions

[1] Franga, Robinson, Vidal, ICML 2018 @ﬁ,‘ JOHNS HOPKINS

[2] Eckstein, J. and Yao, W. Understanding the Convergence of the Alternating Direction Method of
Multipliers: Theoretical and Computational Perspectives. 2015. MATI}?’]I;ZTTIE%II&?&TUTE



Stability of Accelerated ADMM Flow

* Objective function « A-ADMM Flow

O(X) = f(X)+9(AX)  (ATA) (K (1) + 2X(1)) = —VO(X()

Theorem. Let X * be a strict chal minimizer and isolated
critical point of ®. Then, (X, X) = (X™,0) is stable.

Theorem. Let ® be convex and 7 > 3.

T s x () — a(x) < &

« Convergence rate currently unknown in
discrete case, but thus suggests O(1/k2).

[1] Franca, Robinson, Vidal, ICML 2018 %Qw JOHNS HOPKINS
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Stability of Accelerated ADMM Flow

» Definition: Forcing function ¢ : [0,00) — |0, 00)
lim (&) =0 = lim & =0 W{&}
k— o0 k— o0

Theorem [1] Let X ™ be a strict local minimizer of ® such that for
all X € B(X*)wehave ®(X) — ®(X*) > (|| X — X*|)
Then, (X, X) = (X™, 0) is asymptotically stable.

« Example: uniformly convex functions

[1] Franga, Robinson, Vidal, ICML 2018 @ﬁ,‘ JOHNS HOPKINS

MATHEMATICAL INSTITUTE
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Basic Proof Technique (Lyapunov functions)

« Stability follows from standard Lyapunov’s theorem

E(X)>0 and £<0 = Stability
£(X)>0 and £<0 = Asymptotic Stability

« Convergence rates (“basic idea”)
° _ - * Cee >
EX,X,1) = a(t) (2(X) = (X)) + o 2 0
E(X,X,t) <0 ="

* g‘t:() L C
— 2(X(1) - ¢(X") < 0 =

 Difficulty lies in constructing appropriate Lyapunov functions
for each ODE, under convex, strongly convex, etc.

[1] Franga, Robinson, Vidal, ICML 2018 [/
[2] Franca, Robinson, Vidal, arXiv: 1805.06579 2018 @il}' JOHNS HOPKINS
MATHEMATICAL INSTITUTE
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Generalization to Non-smooth Problems

« So far we assumed the objective is differentiable

 This can be relaxed and we obtain differential inclusions

(ATA)X (t) € —0®(X (t)) ADMM
(AT A) (X'(t) + %X(t)) c —9P(X(t)) A-ADMM

« The previous Lyapunov analysis can be generalized to non-
smooth problems (directional derivatives, etc.). For instance,

9(Ho X)(t) = (g, X (1)) Vgedd(X(t) (ae)

* Previous rates and stability remains the same

[1] Aubin, Cellina, Differential Inclusions (1984) =X
[2] Clarke, Nonsmooth Analysis and Control Theory (2013) @il}' JOHNS HOPKINS
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New Variants of Accelerated ADMM

We introduce relaxation and two types of acceleration

Tpy1 = argming, f(z) + (p/2)| Az — 24 4 dg |

shsr = argmin, g(2) + (p/2)]l0 Azyss + (1 — )3 — 2+ iy
Ukt1 = Ug + CATE11 4+ (1 — )2k — 2Zka1

Gt = Wt & Yoot (Uprt — up) s = {k/(k+r) Nesterov

. 1—r/\/p Heavy Ball
Zht1 = Uk+1 + Vi1 (U1 — k) r>3 Ve

Relaxation parameter o € (0, 2)

Non relaxed version recovered with o = 1
Non accelerated (but relaxed) ADMM: Yk4+1 = 0

We thus propose relaxed accelerated ADMM (R-A-ADMM)
and relaxed Heavy Ball ADMM (R-HB-ADMM)

[1] Franga, Robinson, Vidal, arXiv: 1805.06579 2018 @ JOHNS HOPKINS

MATHEMATICAL INSTITUTE
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Continuous Limit of Variants of ADMM

Theorem. In the continuous limit we obtain
(2 —a)(ATA)X (t) € —0P(X(t)) R-ADMM

(2 — a)(ATA) (X(t) + %X(t)) c —9B(X (1)) R-A-ADMM

(2 — a)(ATA) (X(t) + er(t)) € —9P(X(t)) R-HB-ADMM

* Generalizes [1,2] for non smooth and linear constraints

 The above are non smooth dynamical systems

« When & is convex lower semicontinuous existence of
solutions is guaranteed

[1] Franga, Robinson, Vidal, arXiv: 1805.06579 2018 =X
[2] Su, Boyd, Candes, NIPS 2014, JMLR 2016 V DJA?TI;IJAST Iglggﬁﬁg

[3] Wibisono, Wilson, Jordan, PNAS 2016 for DATA SCIENCE



Non-smooth Lyapunov Analysis

« \We obtain the following rates in the continuous case

CONVET strongly convex

il

ADMM | O (Z) 0 ((A)ert/@o1(4))

A-ADMM' | O (”‘1)2"3(“‘))

t2

(roa(A)*7? 1 )

r/3 t27/3

(2-a)(s7(A)
R-ADMM | O (E=2)zild))

t2

(2=a)!?ro1 (AN 1
r/3 t2r/3

O
R-A-ADMM 0(@‘“)(’”‘1)2"3("‘)) O
O

o
( Yot/ (2(2= a)crl(A)))
(
(2

R-HB-ADMM! | O (“2‘“)“?(“‘))

/ T 0.1 )e—2rt/3)

 Most of these rates are unknown in the discrete case

 Interesting tradeoff between Nesterov vs. Heavy Ball
acceleration in convex vs. strongly convex settings

[1] Franga, Robinson, Vidal, arXiv: 1805.06579 2018 @ JOHNS HOPKINS
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From Dynamical Systems to Optimization
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Hamiltonian Systems

« Accelerated non-smooth systems can be represented by non-
smooth Hamiltonian systems [1,2,3]

M = ATA “mass matrix”

H — %<P7 M_]'P> —|— A@(X) A=1/(2—a) “coupling constant”
Nonlinear harmonic oscillator
 We use a Conformal Hamiltonian formulation [4]

* Phase space volumes dissipate exponentially (damping)

* Previous differential inclusions are equivalent to

s _ —1 _Jr/t Nesterov (not conformal)
X = VP H =M P = {r Heavy Ball (conformal)
Pe—-0xH —nP =-X0®(X)—nP
N~
dissipation
2] Clarke, 1976 &7 JOHNS HOPKINS
[3] loffe, 1997 MATHEMATICAL INSTITUTE
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Symplectic Integration

Symplectic integration are discretization techniques that
preserve symplectic structure of Hamiltonian systems

Widely used in molecular dynamics simulations, statistical
mechanics, Monte Carlo method, particle physics, etc.

We use Strang splitting (leapfrog, Stormer-Verlett)
Pk+1/2 € Pk — (h/Q)Aa(I)(xk) Ay = /tk+177(t)dt (dissipation)
Th4+1 = Tk + hM_lpk+1/2 k

Prt1 € € prrayz — (h/2)A0D(w4)

This method has the same cost of (sub)gradient descent, one
(sub)gradient per iteration

@ JOHNS HOPKINS
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Numerical Simulations

« Compare ADMM variants with mm a:Tsz; st. 2= Azr
dynamical simulations

Convex Strongly Convex
102_
c N '\‘\\ c
O S O 100+
© s S ©
= - ~ S
1 —2L
s —— R-A-ADMM \ : “q‘) 0 RAADMM
= 107!} =—— R-HB-ADMM  Secacas™5 = ——— R-HB-ADMM
o ~e~ leapf ] O 104
o eapfrog ] o = o= |eapfrog
o) =©= leapfrog a =©= leapfrog
O 1072t . | . o | |
0 500 1000 1500 0 500 1000 1500
iteration iteration

* Note the tradeoff: Nesterov vs. Heavy Ball (as predicted)
* Note agreement between algorithms and dynamical systems

@ JOHNS HOPKINS
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Numerical Simulations

* Linear regression problem with elastic net regularization
« Sparse logistic regression

n
o 2 1 2 : —yw’ x;
min 3|y — Mz||” + ||z][1 + 3z min ) log(1 +e™%* %) + |[w]|;
T w
i=1
| T I 102 : - I I I
® —— RADMM _JE
| i ——— R-A-ADMM "Ry
2|l IN — _
2 x 10 R-HB-ADMM R-ADMM
c —-©= |leapfrog s 1 R-A-ADMM
-..§ leapfrog § 10*F R-HB-ADMM
=) =) leapfrog ]
(O] o
= =
3] ©
9 Q9 .
8 . o 107 i "N SIS
0 100 200 0 250 5(I)O 750 1000
iteration iteration
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Conclusions

We considered known instances of (accelerated) ADMM, and
proposed new variants of accelerated ADMM

Connections with non smooth dynamical systems

Generalize previous approaches (smooth, unconstrained,
gradient based)

Analyzed stability
New rate-of-convergence results (continuous time)
Conformal Hamiltonian description

Numerical simulations of continuous dynamical systems in
comparison to the algorithms (symplectic integration)

@ JOHNS HOPKINS
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